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812 Mr. Whipple, Stability of the motion of a bicycle.
Write the first a, a,,_,, as unity, then the equations are:
2.(4m - 3)a, ,={8 2m—1)"¢ -~ B},
4.(4m~5)a, ={8(2m~38)e¢~DBla,,

e

(om —2) (2m+1) a,={3.3%,~ B'} a,
2m (2m — 1) a_, = {8.1%,— B} a,

but a_, must be zero, therefore, multiplying the series of
equations together,

O=(8.1%¢,— B") (3.8%¢,~ BN...{3 (2m—1)"¢,— B'],
therefore
B'=3.1%¢, or 3.3%¢,..., or 3.(2m—1)"¢,

For these valnes in turn we get 0, 1, 2, ..., or (m=1)
a’s in U, reckoning from a,, zero, i.e. U= 0, as an equation
in pu—e,, has then 0, 1, 2, ..., or m — 1 zero roots, therefore
when ¢, =¢, and therefore when e, #e,, for each U/v/(pu—e,)
of this type, we have a different arrangement in point of
number of roots in the two places, between ¢, and ¢, and
between ¢, and e, ’

Similar proofs will hold for U’s of the other types.

THE STABILITY OF THE MOTION OF A BIOY GL';E,
By F. J. W. WaIpPLE, B.A., Scholar of Trinity College, Cambridge.’

THE Dynamics of a Bicyele is a' subject which has not
attracted much attention in this country. One branch
alone has been studied, which may be called the Energetics of
Velocipedes. Numerous experiments have been made to
determine the work expended by the rider in overcoming
the resistance of the air and of gravity on machines fitted
with every variety of driving gear and tyre. The motion of
the bicycle, as a machine on two wheels, has not received the
same consideration. No satisfactory explanation on mathe-

matical lines has been given of the practicability and ease of

riding a bicycle. The instructions given to beginners in the
art contain the information that, if the front wheel be turned
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towards the side on which the rider is falling, centrifugal
force will restore him to the normal position. An explanation
is required of the ease with which the correct inclination is
given to the handles, even when the rider’s attention is devoted
to other objects. There may be a certain amount of reflex
action which enables the rider to balance himself without
conscious attention, but such an action probably only comes
into play after prolonged practice. To balance a stick on
one’s finger is an easy feat, but it would be a long while before
a novice could do it antomatically.

2. M. Bourlet, in his treatise on the Bicycle,® attacks
most of the problems of the subject; his conditions are usually
so artificial that the results have little interest. Thus (pp. 47—
58), in discussing the restoration of equilibrium, he supposes
that the rider turns the handles with a constant angular velocity
for a certain time, and then holds them steady until the back
frame is vertical. According to M. Bourlet’s equations, the
rider returns to the vertical position with a greater velocity
than that with which he left it, so that a rider who obeys the
given intructions will find the motion of his bicycle unstable.
M. Bourlet’s discussion of riding with hands off is based on
a complicated differential equation, which he does not publish
in his treatise. He decides that the efforts of the mder in
balancing are continuous, and that a sudden movement of the
body produces the opposite effect to a gradual movement.

3. The only other author I know of who has discussed
the subject is Mr. McGaw,T who finds the condition of steady
motion of the front wheel when the back-frame is vertical.
This investigation has some interest in. connection with the
motion of a tricycle [see §§ 11, 23].

4. In the following pages I have discussed :—

The most general motion of a bicycle, §§ 5-9.

Motion in.which the inclination of the wheels to the vertical
is small, § 10.

The steady motion in a circle of large radius, § 11.

The oscillations about steady motion when the rider retains
léis fixed position on the machine and does not use the handles,

§ 12—16.

* (. Bourlet, Traité des Bicycles et Bicyclettes Gauthier-Villars.
4 Engineer, December 9, 1898,
VOL. XXX, 85
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Use of handles in a restricted ¢ elastic’ manner which may
be automatic, § 17.

Movement of body in a similar automatic manner without
the use of hands, § 18. ,

Notes on the effect of rolling and spinning friction are
appended, §§ 20-22.

The general results are given in § 19.

5. For analytical purposes the bicycle consists of two frames,
known as the front- and back-frames, hinged together along
the ‘head’ @ ¢, in such a way that the only relative motion is
round ¢ ¢ (fig. 2). The wheels are circular, and each is thought
of as touching the ground at one point, the back wheel in 7,
the frontin 7", The axle of the back wheel passes through O,
and is at right angles to the plane OQ¢. 0@ is perpen-
dicular to Q¢', and its length is denoted by p. The_ corre-
sponding length for the front wheel is denoted by p'. The
dashed notation is used throughout this paper for points or
lengths in the front-frame. The symbol is usually defined in
the case of the back-frame; the same symbol with a dash
indicates the corresponding quantity in the front-frame.

a=radius of back wheel,
=90
gisodd, <e ¢ =—gq.

Fig. 3 indicates the angles between various directions.

V is the vertical.

BB, is the plane of the back wheel and frame, B, being
horizontal.

B, is the direction of the axis of the back wheel.

HHH is a system at right angles, of which H| is the
direction of the head of machine. :

H,_ is horizontal.

HM,B, is a system at right angles.

6= H V= angle head makes with vertical.

¢ = VH B = angle between the plane of the back wheel and
the vertical plane through the head.

’)’]:BLH;, ¢= VB)?
w—t=H VB, w—x="VIL
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Of these angles only two are independent: taking § and
as these two, we have ! ¢ ’

sin =sinfsing, tanf =cosftang,
tann=tanfcosg, siny =sinb cos¢.

Let the spin of [, about ¥ be (=)

The spins of the syst £ R ,
6,66, erl)ere system of axes H M, B, may be denoted by

ﬁl::-—'rcos@—e}
J,=—rginy+ és‘ingb
B,=—7siny — cosg

_ The first relation between the coordinates is the geome-
trical condxt.lon, that both wheels touch the same horizontal
plane.  Project TOQQ OT' T on the vertical.

psing—p'sing +a-a' =gcosf ... L.
The kinematical conditions indicate that the motion of the

~head Q@ is the same, whether determined by that of the back

or that of the front wheel.

Usiong axes H M.B, the spins of the back wheel are 0.6,
and the vector 7'0 is (a cos, asin 7, 0). 'The conditions for
rolling shew that the velocity of O is

{~ Qasiny, Qacosy, a (6, sing — 8, cosy)}.

The velocity of @ relative to O is (= 8,p, 0, 8,p), there-

fore the velocity of ¢ in space is, when referred to axes
HM,B,

{—~Qasing—6,p, Qacosn, 8, (p+ asing) — 8, a cosy}.

Change to axes 4 H H and write down the condition that
the difference of the velocities of @ and @ is doe to the

rotation of the vector (g, 0, o) with spins (— cos 6, — 7 sin 6, — 9)
about these axes.

[—Qasing —6,p]~ [~ Qa'sing - 6,5']=0
[Qacosqgceosg + {8, (p+asing) - G, acosn} sing
~[Q'a’ cosn'cos¢'+{8,( p'+a singy') f,/a’cosn'}sing’]
=—0g |...1L
[~ Qacosysing + {8, (p+asing) - 8, a cosn} cosg ]
~[Qa’cosn’sin g+ {6, (p'+a'siny’) 6, cos 7'leosg]

= 7 5in fg
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Dynamies.

6. Consider the back wheel only and use axes H M, B,
Let the reaction of the ground be merely the force F,.F,F.,
JTo making this assumption the couples due to rolling and
spinning friction are neglected. These will be considered
later. The reaction of the back-frame on the back wheel
consists of a force (—@,, —@,, —@,) through 0, and a couple
(=L, — L, 0) Here we assume that no driving couple is
applied to the wheel. (

Let m be the mass of the wheel, B, B, B, its moments of

inertia.  The velocity of O is
— Qasing, Qacosy, a(f,sing — F,cosy).

Resolyjng the forces on the back wheel, and applying
d’Alembert’s principle, we find

F — @ —mgcosb =

m .[-—- %(&m sinn) — 6, (Qa cosn) + 0,a(6, sing—6, cosn}]
F,= Q,—mgsiny =
d . . 111
m. %(Qa cosn) — 8,a(8, sing— 8, cosn) — 8,Qasing
Fy— Q,—mgsind =

m.i:ag—i(el sing — @, cosn) + (6, siny + 0, cos'/;)aﬂ]

The moments of momentum of the wheel about O are
B, BE,, BO. Take mcments about O

— L, — Fasing = B6, — (BY,— BQ) 6,
— L, 4+ Facosy= DB, + (Bf, - BO)G, [+
— a(F,cosn — Fasing)=BO

[

7. Now consider the motion of the frame. Using the
same axes assume ag constants of the rigid body formed by
frame and rider :—Mass 3. Moments and products of inertia
about g, 4. 4.4 A4 4 A, Coordinates relative to O of ¢ the

1 3431 .
centre of mas;, (3:,8503. Let the reaction of the front-frame on
the back-frame consist of a force P, P, P, and a couple C,C, 0,
The veaction of the back wheel on the frame is the force

FFF, and the couple L, L.
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The velocity of g is
(—Qasing — b, + b,e), (Qacosn— b + Be),
(asing+c,) 6, — (acosn+c) b,

The equations obtained by resolving parallel to the axes

" HMB, are

d .
'Q,-E-P,—-MgcosﬁaM[&—t(— Qasing— O, + 0.c.) )

= 0,(Qa cosp—Oc+0,c)+ 6, {(asing + c,)0, —(a cosn+cl)92}]

dt

@+ P, - Mysiny=M [—O—Z (Qa cosy— O, + Oc)
= 0 {(asinn+tc,) 6,—(a cosy+ ¢,) 0,1+ 0,(—Qa sing - 93034‘6263)]

. 4., .
Q,+ F,— My sini) =ML7,5 {(asinn +¢,)8,— (a cosy+c,)8,)

+ (0, siny + 6, cosy)Qa — {6 +6,)c,— 8,(c,6, +cl€;)}} :

The equations found by taking moments about g are
I’1+ 01 + (Qr'{—'Pa}cs“ (Qa +'Ps)cz+ Pz«;p
D
=. Dt [A161 —4,0,- ‘Ataes]
Ly+ 02“" (Qa + Pa)cl“ (Qx +'P1>cz
D VI
= Dt [“4:62 - Azsex - A:xex]
03+ (Ql + ‘Px} &, —(Qe + Pz)01~P1P
D
= Dt [Asga - Angl - Asfﬂz]
D . .
where the operator ;> acting on the » component of a vector
zYz, gives g — Oy + 0,2,

8. From the twelve equations, 111, to VI, P/ F. ¢
L,L, must be eliminated. The four résultix;g letfu;ti?ﬁg iv?ﬁ
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give the wrench, which must be exerted by the front-frame
on the back-frame to produce the motion.

The first of these equations is that which would be obtained
by taking moments about an axis in the direction H through T.
The values of the moments of inertia about axes H M B,
through T are

T, =4, +B 4+ mdsin’g+ M.[(asing + ¢} + ¢,
I, =4, + B +ma’cos’y + M.[(a cosn +¢,) + ¢,

T, =4, +B +ma*  +M.[(asing+c) +(acosy+e)],
I,=4, +M.c (acosn+e),
r,=4, +M.c(asing + c,),

T, =4, +ma’sing cosn+ M(a cosy+c)(asing +c,).

Mass of back frame and wheel =M+ m=TW; and if @,
the ¢.&. of frame and wheel have coordinates {3, v, & when
the axes are H M B, through T,

WB=a(M+m)cosn+c M,
Wy = a (M + m) sing + ¢, M,
W = o, M.
N.B.—T, 8, v, etc. are all variables,
The equation is obtained by multiplying VI. (1) by 1,

IV. (1) by 1, 1IL (8) by asiny, V. (2) by —¢, VL (8) by
(¢, + a sing), and adding

C,+ (p+asing) P,—[ysind ~3siny]g W

D . .
= T [Fxgx_ Fuga_ I 1863:1 -7 [CE Cos 7 ('7191" 1862) W] VI
+(Q—0)[B0+(0,siny+6,cosn) ayW+6,singad W)[

+ 2 [(@-0) (- Wacosn)]

The second equation could be obtained by taking moments
about an axis in the direction M through T.

It is found by multiplying VI.(2) and IV.(2) by 1, TIL (3)
by —acosn, V.(3) by — (cosy+¢), V.(1) by ¢,, and adding
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C,—acosyP,+g(Bsing~ Scosd) W
= .719)7 [T,6,~ T,,8,~T,,0,]- 5 [a sinn (7,6~ 86,) W]
+(Q@-0,)[~B,0,~ (8, siny+6, cosn) ¢ W—0, cosnad W] VAL
8% [@— 0 Wa siny]

The third equation could be obtained by taking moments
about an axis in the direction B,, through 0, of the forcive on

- the frame,

The following expressions, for the moments of inertia of
the frame about 0, are required

E = A1'+ Mc'+¢r), E, = A, + Me,e,,
ete. etc,

To obtain the equation multiply VL (3) by 1, V. (1) b
(—¢,), V.(2) by ¢, and add IRERRCE

C;“ppl'*‘ Mg (¢, cos 0 - G sin X)= _gt [Esga‘ E:uet— ‘Eazgzj}
P ' IX.
+ Ma [532 {2 (e, sinn + ¢, cosn)}+ 6,0 (c, cosy— ¢, sin ')))](

Finally, multiply IV. (3) by;xl- , IIT.(2) and V. (2) by cosy,
III. (1) and V. (1) by —sin#, and add
P, cosn~ P sinyg =€—3 Q
+ WalQ— (8~ 02 cosysing + 6,6, cos27]
+ ML% {= (6, cosn+ 8, sinn) ¢, + 6, (¢, cosy + ¢, sin)}

= (0, cosn + 8, sinp) (- b,e, + 6.0

+ (8, + 0) {0, (c, cosn — ¢, sinn) + (6, cosn— 6, sinn) 03}]

9. The action of the front-frame on the back-frame, and
the reaction of the back-frame on the front-frame, together
form a system of forces in equilibrium.
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Resolving in the directions H,, H,, H,, we find

P1 = 'P1l
(P, cosg+ P,sing) == (B, cosg’ + B sing) = Rs} XL
(P,cos¢ — P, sing) =— (P, cosg’ — P, sing) =R,

Take moments about straight lines in the directions

‘Hl’ Hﬁ’ Hx)

C+C'=0
(0, cos¢+ C,sing) + (0, cos¢'+ ) sing”) —gB,= 0} WXL
(0, cos¢ — O, sing) + (0, cos¢’ — C, sing’) + g, =0

10. All the equations required to determine the motion
in any circumstances have now been obtained. In the
general case the elimination of the quantities B, F, F,;
R, R, R C, C, would be very cumbersome, and could not
lead to an intelligible result. ‘

Accordingly, the particular case in which ¢ and ¢’ are
small will alone be considered.

In this case ¢*: 1 is neglected, and

Y=¢sinf f,=—rcosl-¢
p=y=0 }, =— 7 5infd }
E=¢cosl

2

Gsz—'nj)sine—fi

The geometrical condition 1. reduces to

(p—p)sinb+(a—a)=gcoshrrnnnnnn. 1.

This equation shews that, when ¢*: 1 and ¢*: 1 are neglected
q y ¢ g 3

8 is independent of ¢, ¢’ and is constant. Hence & =0 to this
order of approximation. II (3) reduces to

[ Qa cosf.g + Q'a’ cosb.¢'] : !
—~[(p+asin) (r cost + ¢) — rasin cos 0]
+[(p' + sin ) (v cos 0+ ¢') — 7o’ sin 6 s0s 0] = 7g sin 6.

"This equation shews that 7 is of the same order as ¢ and ¢'.
II1. (1) and (2) now reduce to Qa=Qa'=7V. ‘

Write (p+asinf)=pu,
(p—p')cosl+ gsinf=0=(u—p)[cosb, by L

Mr. Whipple, Stability of the motion of a bicycle. 821
IIL. (8) takes the simple form

g — ¢ + Veosh (p—¢') == 7b eerrerne XIIL

b= T1T" is the wheel-base of the bicycle.

#= TR is the perpendicular from T on the head, and if P
be the point in which the head cuts the ground,

m/cos@=TP. 1 propose the name back-trail for this
length, 4'/cos = 7" P being the front-trail.

When ¢°: 1 is neglected, I',, &c., 8, 7y, are constants, and
to this order of approximation the dynamical equations are

O+ pP=Wy.(yp— 8)sin6—T, (p+7cos )+ T, 7sin 6

~ V[mrrsin6 + Wey (r + ¢ cos6)] — VWS cosb...VIL,
where mr is written instead of B,/a.
C,—acosbF, = — Wg.(B¢ sin 8 — & cos 6)

—I,rsinf + T, (7 cosf + ¢)
+V [mr (¢ + rcosb) + WB (v + ¢ cos )] - VW8sin0V..IIL.
O~ pP, =~ Wy.(ycosf — B sinb)

+ E, (1 cosf + ¢) +E,(tsin6) + MV (¢,sin8 + ¢, cos ) ..IX.
P,cosf — P sinf= V[B,[a*+ W]+ (v + ¢ cos ) Ws..X.

It will appear, in the course of the following analysis, that
a solution of these equations in which ¢ is small is only
possible if &: is small. When this assumption is made VIL
and VIIL. shew that C C,Z, are small. Making this assump-
tion, XI, and XTI. take the forms

{ P=—P, P=—P

B P Bm (B B XI.

C=-0/ ,

{ G+ 90+ O +¢'0) ~gB =0....XIL
Co+ G +qgP,=0

. On adding X, and the corresponding equation for the front

trame, it is seen that V is of the same order as $8. Neglecting
small quantities of this order, it is possible to satisfy

P =~ P =1y cosb,

P, =~ P/=Tgsind.
VOL. XXX, TF
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IX.isnow  C,-ply cosf = — Wy, .

and the corresponding equation is
C, +pTigcosd =— Wigk,
where %, x, 8 are the coordinates of @ relative to 7, when the
axes are in directions B BB,
XIIL.(8) is C,+ O + ¢llgsin@ =0,
and the last three equations give
b=cW+W.
The remaining equations are VIL. and VIIL with
P, — B, = pllgsinf
P/ 4+ R,=~ ¢'[Igsind
C,+0C,/—qR=—¢C—¢ 03'}
C+ 0 =0

I

One method of eliminating B, is suggested by the fact
that, if moments be taken about 77" for the whole bicycle,
neither internal nor external mechanical reactions appear.
Accordingly we find the difference between the moment about
an axis B, through T and an axis B, through T’ of the internal
reactions. : .

The difference is

(C,—acos6 P)cost — (O, + pP,)sint

+(0/~ad cos Py cos§— (C/+ p'P)sin 8
=cosf.[qR,~—¢C,— ¢ C,] ,

—{usin 8 + acos’d) (B, + ¢I1g sin 6)

+ (¢ sin 0 +a cos’d) (B, + ¢'Tg sin )
=g [ 0, c088 + (p — p cos’) Ilg] o

+¢'[— O, cos b+ (u' —p cos’d) TIg]
=—¢ [~ Wyrcosf+(u]b) («W+y' W)g]

44 [ Wge cos-+ (WJB) (6 W+ ) g]

e Wp'+ e W'p

(- ) LT L o (47— ) g,
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Substitute in this equation from VII. and VIIL, and write
I=(I, —T,) cosfsinf + T, cos 26, for the product of inertia
of the back-frame, wheel, and rider about axes B, B, through T.

T, sinf + T, cos8) ¢ + (mrt+ Wh)cos 0V + (A — Whsin6) gg.
. +the same expression with dashes
I+ I) 7+ (mr+ Wh+m's' + WE) Vr,
(WS 4+ W8V G=0 errrrearennen D« A A
The coefficient of §g in XIV.is -
~(Whsin6 — A)

=~ Wheing4 L2008 O)e W e w

= (Wy — pIl).

XIV. is true whatever be the value of C,, the couple
exerted by the rider on the handles. The next equation
depends on C,; it is found from VII. with

P 4+ P/ =(—¢)Mgsinf.

i [['¢ + Wy cos8Vp — (Wy — pll) sinfg¢]

1 4 For y el S I3 13 ¥
+ ;[F,'qs + Wiy cos V¢ — (W'y' + p'TI) sin fg¢ ]

+ [I‘l cos—T°,sind + Y/ cos 9'“’[‘:-‘2 sin 9] ia [mr sin 8+ Wy
n ‘ ‘ '

I “
[ R eI T,
il & sv1n01+W (y:l Vr+ (E@ + w ,8) gsinf = <}-, __1.> C.
P e I woe
..... Crecreran V.

1t will be convenient to re-write XIIL. here:

pp—p'¢ + Veosd (¢ —¢)=—7ben.. XIIL

The equations X1V., XV., XIII. are sufficient to deter-
mine the motion as long as ¢ and ¢’ are small.




324 My, Whipple, Stability of the motion of a bicycle.

Steady motion with hands off.

11. When the motion is steady, ¢p=¢ =r=0; and,if the
machine trace a large circle of radius p,

1_7
PV
XIII. may now be written
b
C R vereaasasenes e XVI
¢ -9 peosd

XTV. when multiplied by sin g is
(mr sin @ + Wey + m'r' sin 6 + W'y —T1b cos6) Vr
=gsin 0. [(Wy—pIl) ¢ +H(W'y +p/ T ¢'— (We+ w'sh].. XVIL
XV. reduces, since 0, =0, to
(mr sin 8+ Wey + m'r’ sin 0’+ W'ry') Ve
@

[ Wy—pll | Wiyl , (Ws W' ]...XVIIL
=g§1n9[ P ¢+ w 4 (,u. + w )

The only case of interest is that in which &'=0.

: . s 1
Tliminate 8, by subtracting X VIL multiplied by ~ from

. eq 101 b coad
XVIIL., and dividing out by (I—;' - F) =

[m's’ sin 04 W'y + ') Vr =g sin6.(W'y' + p'TI) ¢

' v m'r sin @ :l XIX
¢ :W : [1 +F"H+W"‘y’ savsossea .

From XVI. we have

b v? m'r’ sin 8 ] |
— . 1 . N R O
¢ p,cos@+pgsxn0 +pH+W«y

The result of eliminating ¢’ from XVIL and XVIIL is

sin 0 [( Wy — pII) ¢ — W3] =-:—)% [mrsin 8+ Wey — pIl],

therefore

m'r' mr Ve b
we=irr-r ﬂ)[{ Wy+pT Wy- MU} gp  pcos 6’] XXI.
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Let V=V, be the solution of this equation when & = 0.

For steady motion, with hands off, at velocities less than 7,
the ¢.a. is displaced from the mean plane of the frame
towards the centre of the circle described. For velocities
greater than V, the c. . is displaced in the opposite direction.
For V'=V,, 8 =0, whatever be the value of p. This indicates,
that, for this particular velocity, the rider may sit sym-
metrically and describe a circle of any radius. When the
motion is disturbed in such a way as to start him off on
another circle, he will continue in that other cirele. In other
words, the stability of the steady motion for disturbances of
this character is neutral. See § 16.

The motion in which the back-frame is vertical is given

by ¢ =0,
by m'r cos 8
= =cotl e
EEgET + p I+ Wy
For the machine whose dimensions are given in § 14,

XXII. gives e = —?7?; = 2:879.

............ XXIL

The steady motion for velocities of this order is shewn to
be unstable in § 15. .

This case is of interest, because it has been investigated
by Mr. G. T. McGaw,* and used by him to determine the
most suitable value for u’ when Vis given. In his paper he
does not state clearly that the ecriterion he adopts is the
vertical position of the back-frame. As a solution of XXIL
has been obtained, which denotes an unstable motion, the
disadvantage of adopting the criterion is obvious. Owing to
an unjustifiable application of the principle of virtual work,
Mr., McGaw’s result differs from XXII, principally by the
omission of the term cot 6.

Small oscillations about steady motion.

12. Denote the values of ¢, ¢/, and 7 for steady motion by
by ¢, and T, respectively, and assume

¢ =¢, + ZKe,
¢ =¢, + SK'eM,
T =7, + ZTe".

# Engineer, December 9th, 1898.
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As a numerical example, the following values of the o .
quantities involved are taken. The unit of length is b, which J o . ] -
may be thought of as one metre. The unit of mass is denoted x g A =S8 B
s : | g . S = B 5
by w, it may be thought of as 1 kgm. The numbers in . ‘ = o = 8
brackets refer to the pages on which th bols are intro- | S ) b T =
e es on which the sym are intr 8 = 3
duced. 1 o © © MOogE ®
| E R = + PR W'
tan 0 =4, 0=21°48 (814) L ow = = PE® g
: r t';“a; ;z + b lx"r—\‘ e o
w=1050 cos B, p' =-05bcos® (321), e+ % o g 2 t4 :‘;
. 3 jde
o =355, , o =355 (314), e 22 o © 23 B
[~ IS v
o =+25B, K =0, 199 & = g 8 23 73
IR - R et
1, = O PR F A B L
- w i : =
whence o =656 cos § o' =166 cos 0 SHE L+ & 8 L!.n o ©
’ : ' (318), E o s 309 X ogs S
B ="9bcos, B = 4bcosh e T 1 g 3 T 8F
- , LT SN o i B.2 'E -
W= 80w, W' =2w (318)y 8 T2 Y = c? o é 0|
&5 o 4 I Bl st - ‘ 'e;
A, + B=5ub, A+ B =0T5wF  (316), g - 2 3 g £= 2 a g
© -+ =) o] - .
A4, =5wb?, A, =0T50b, £ o oo - I £ g F T
40 4 —0 g8 5 & N SR J Ra 8 @
— : ! i [Y<J~ N :‘:\n % s ©
12 ? . 12 H ] -2 N TS o w -
mr = *5wb, m'r = 5wb (821). =1 ; SEI; 2;3 S ; .= - “;
al= S - - D P dn
From these values the following can be deduced : 5 S '?_ = NS S 2 & <
oy v oo fw] [e.o] o2 =t
= 2 L~ 3 ¢ - 4 ° 3 T :: .S :: R 3
J, = 10w’ J, = 015wb (827), g d 1 g € EW oy B o
7, = 85ub g = 395ub s 252 B £ Ez LBV
: X ’, ’ f 5 2 g = ¥ Sguge
T = 20wd", I'=0 (3223); i - ‘ﬁ - 3 oA mé#&;ll
I : . | & + - » <
T, sin 6 + T, cos = J, sin 0 + I cos § = 54wb” cos b, i ‘& B & & SR o
. ; o < w4 e @ =
I/sin@ 4+ I',, cos @ = 158wb" cos 0, | = .‘?i &, g - —gé’ 2 Iw"a‘
: . g B B owenlwy
T, cosf — T',sinf = J, cosf + Isinf = 18wb’ cos O, S = 2 5 @ dﬁmm a
. . PO ~4 < o © = =
T, cos 6 — T, sin = 075wb" cos b, 5 - = © 23 B %
5 i S - =
T, = 99wb’ cos f sin b, | ] &% > 31 g2 o g "
‘ ‘ w0 .= o B~ k=4
T, = *845wb* cosd sinf, | '%: % ?m ?‘3 s g o 2
i (2R — ) = w
I = 20w (322) B 8 2 28 BT g
H o <3 ™ =t O bl
N ; 4 o & Sk 2 g .
Wy — pIl = 31wb cos b, 177 + p'TI = 1-32wb cos 0. 4 3 = Sl z = E
: : i = B




332 Mr. Whipple, Stability of the motion of a bicycle.

For e = ¢, A =0 reduces to
4 4°058° +2:068° + 216{=0,
which has roots
— 365, 0, — 2 + "T5L.

There must be some value of e for which the real ‘part of
the complex roots changes sign. This value must make
{4°058% + (3:40 — 8-41¢)} a factor of A.

The two factors are

(£ + 4°058 +(2:89 — 376¢)] [{7 + (839 — 84¢) ]
if the absolute term agrees, 7.e. if
(2'89 — 3-76¢) (839 — "84e) = 3:09¢” — 1"12¢,
868¢* — 4-46¢ + 2425 =0,
The root lying between e and ¢, is
€, = "505.
For e = ¢, the factors of A are
(¢4 415) (¢ + 4052+ °98),
and the roots of A =0 are
| ~ 38, — 26, + ‘647

TFor values of e between ¢, and ¢, the roots have their real
parts negative. Thus for e = "4, the equation & =0 reduces

to |
EO o 40587 4+ 108987 + 2+04 5+ 046 = 0,

and the roots of this equation are
— 3689, - +028, —17 ¢ 7161,

15. The nataral period of oscillation of the machine is
comparable with the period of revolution of the pedalsi/ If the
gear be 2f, the angular velocity of the cranks is —. The
ratio, period of oscillation: period of revolution of cranks

= V|f: imaginary part of &,
= 1:(f/b) x imaginary part of £

Tle ratio is approximately unity, when the gear = 2/= 30.

Mr. W hipple, Stability of the motion of a bicycle. 333

The forced oscillations due to the lateral motion of the
rider in pedalling have the same period as the revolution of
the pedals, but the oscillations do not tend to become ex-
cessive, as there is a large damping effect at velocities greater
than V.

16. In the case under consideration the coefficient of ¢ is
negative, and it is owing to this fact that there is an upper
limit to the velocity consistent with stable steady motion.
The coefficient is small, and it is advisable to investigate
whether it is necessarily negative for all machines.

e, = — coefficient of e: coefficient of ¢ in XXVIIIL.
= — coefficient of g V*: coefficient of ¢°5 in XXIII.

mr mr
— cos [W"y’ T~ Wy | by XXIV. and XXV.

This gives the same value of ¢, and therefore of V| as was
obtained by writing 8 = 0 in XX

The velocity V, was previously shewn, to be one, for which
the steady motion is neutral for some disturbances. This
investigation shews ‘that for velocities greater than ¥, the
steady motion is unstable. By making the back wheel very
heavy e, might be made negative, and then there would be
no superior limit to the velocity. Practically it is sufficient
to make e small by increasing p'II. 1t is interesting to
notice that by leaning forward the rider increases x, and
therefore II, so that the limiting velocity of steady motion is
increased when he adopts a stoop. g

The instability introduced is not very great. Thus,in the
numerical example of § 13 the positive root tends when e is

Ito g=122 ¢
sma. =37 ¢ |

If a disturbance of the type corresponding to this root be
set up, the time in which ¢ is multiplied by e bears to the
period of revolution of the pedals the ratio

1 2nf
X H 7:1 H 27{"§f/b.

Thus when f=5 and e="1, so that the velocity is approxi-
mately 36 km./br, ¢ is multiplied by e after 20 revolutions of
the pedals. A tendency to fall of this character can be ever-
come by a very small motion of the rider’s body relative to
the machine.
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2y B2 B g - where J, is the moment of inertia of back-frame and rider
=R B 2 = M about the axis in direction B, through 7.

- . N
&rgn § ; 2 E iﬁ In the case of the typical machine
Tt a i o= t . 'Y rye . 2
5.2 o8 5 = 1 I+ J, = 85 4wh Wh+ W'R = 80-8wd?,
o = & - 3 H 3
= @ =9 = . .
- .2 g ~ : wZgl® cos Gsinf ( V'\? cos’dsinf |,
g 33 = 8 io : —i—ﬁﬁr— (7) (J 4+ )=152% [264 1w y“b] ,
=& o4 = + = : :
= o @ o s P : 3 . 20 .0 .
23 SE R S+ : wZgh cosfsing f::f,esm o W’k’):?-lze”[264~7-—-—-——-—°°9 ismaw"r“é] ,
s 52 eE £ & : theref |
® o [ ok & : erelore
R €@ = PR : .
.8 S B T~ :
ED s =3 =R < A+ A, =869w' Vb [+ 4050+ (878 - 46e —T'52%) ¢
Bt e <t Lty
e s e Pg & = + (84 — 341e) L— (1126 — 3-09¢" + T126)] =0 ... XX X.
= 5+ o @ - -y . T oep
k== 25 ;“i‘:: £ = PR s In the first place, this equation shews that, if Z exceed
e E 3 i 309 ..
é" g ”;-—E‘g .z :- :8) QE E ) ‘WEZ“" XXX, has a positive root for every value of e.
fgom g e 9 -~ = -+ . -~ .
§ i—j‘ ‘TL Sg =g 8 & “"i & g, 2 i @ "7‘2 2 Therefore, if the constraining couple exceed Zwbg, the motion
2EgSae o ,;; o o= 2, & = is unstable. This is what we should expect, for under such
R %i ”}5' 55 o 58 g o3 oL circumstances the machine approximates to one with a locked
g _;’13 oS g 4 8 &5 SN T =g < head, which certainly cannot be ridden.
*ESm 3 i = 28 g : SN CR For velocities below the limit V,, when Z=0, two of the
£ E S aEE ? o F BT S roots of XXX, are complex with their real part positive. If
ke ege2 1 22 = s it is posible by choice of Z to make the real part negative,
o 3._% g_”g’ o O Ep -y =, there must be a limiting value of Z for which the two roots
3 e S o Shd RN > are purely imaginary. In that case [4050"+ (34— 3'41e)] is
Y %:D-:% .- "é 2 n 7 8 4 a fa.(zitpr of ?»i:éll, and §'=+914/(e,—e)7 gives the corre-
e 3 2 &= Ee J ~ Bponding roots, 1
“Fs2eg NE O . TR Sh ’~ poneing ToOR ¢, = 340341 =997
g s g3 8§82 T L5 8%=) =3 : ’
z g%s 8”5“ “ég :%’i "‘;z ,g L gy "8’ i The two factors of A are
cem B G I - & B . .
=P s 5 -g = + % % =3 [£7+-84 (1 —&)][£" 4 4058 + (289 - 8T6e + T°52) ],
L =] o . . -
g @ B2 A o o 3 o & N 3 if the absolute term agrees on comparison with XXX.
S 2 ':,g 8.8 o g > 3 82+ I This condition leads to
= = om0 M [e] - X
s s8¢ 255 5 § R ; "84 (1 — ¢) (2:89 — 8762 + 7°57€) = 3-09¢* — 1'12¢ — T-17¢",
) . [ H 4
S 2EEEE. 8% 2 or (638 + *8¢%) Z = — 243 4 £-47e — 07",
$ gems s g < Denote the solution of this equation by Z,
-~ o1 - = had . . . s
ﬁ é __g ig’i% B N g < Z, is positive when e,> e¢>e,.
EE o2 0 8% by v Let Z, be the root of 7°17¢" = 3-09¢* — 1'12¢.
o OF o EE8|355 7 <7 : - .
mgeHZ D BE 2|3 < Z,, when e = ¢, and it can be shewn that this. inequality
Wi S E e - holds for all values of e <e,, For, if the inequality could be
=3~ W b I = 1 ? q y
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reversed for any value of ¢, there would be an_intermediate
value of e, for which Z, =Z,. That value would be given by

3096 — 1'12¢ - 717 =0
376 — 289 — T'5Ze =0 )’

=35,
. This value of €< ¢, and therefore for all values of e<e,
< Z,
Further, when
g,>e>e, 0 < Z <,
€,>€>€, Z, <0< 2,
€,>e>0, Z, < 4, <0,

In each of these cases XXX, has roots with their real
parts negative, as long as Z lies between Z and Z,

‘When e,> e> e, Z must be positive, and the constraining
couple tends to restore the handles to their mean position. To
obtain an idea of the magnitude of the couple write ¢ =8,

|

Zx =2, Z, =45, i

Liet the distance between the handles be 2y. When the
angle between the front- and back-frames 1s (¢’ —¢) the
displacement of either handle relative to the back-frame has
a component (¢’ —¢)y in the direction H,. If the rider
exert the conple Z (¢" — ¢) bgw by means of equal and opposite
forces in the direction M, on the handles, the magnitude of
either force is wgZ(¢' — ¢).5/2y, therefore the ratic, force on
handles: displacement = Zwgb[2y’. Taking y =220 the
restraining force on the handle must be between 20 and 45
grammes weight for every centimetre the handle is displaced.

When €,>e>e¢, no constraint is necessary to insure
stability, as was shewn in the investigation of §14. A small
couple increasing or decreasing the displacement of the handles
will not introduce instability. '

‘When e, > e> 0, Z must be negative, and the rider must
exert a couple tending to increase the angle between the two
wheels.

Thus, when e="1, V=36 kilom. /hr about,

Zl=-2‘8, Zn:—-l'l.

With the same assumptions as before it appears that the
force on either handle must be about 2 kilogramme weight
for every centimetre the handles are displaced. :

1
For small values of ¢, Z,oc - <

i
T

N
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For that value A 4 A" has factors
(£ + {84 (1 — €) + (84 + *69¢) x}]
x [§*+ 415+ {(2'89 ~ 876€) - (3 + €) x}];

and the value of y is given by the condition that the absolute
terms in this expression and XXXIL agree.

(-86e —*3¢") x — (1126 — 3:09¢")
=[84 (1 — €) + ("84 + *69¢) x] [(2°89 — 3:76¢) — (3 + €) % s
o (+69¢* + 105 + *25) + x (24€ + 10'de — 2°2)
+ (= 076" 4+ 4°4Te — 2°43) = 0...XXXIV.

When ¢ <e, the absolute term in this equation is negative,
and in that case the equation has a positive root y,. .

When ¢=¢,, one of the roots of XXXIV. vanishes and is
greater than y,. As ¢ changes, the root y, remains greater
than y,, until the value of ¢ is reached, for which x,=1y,. In
that case, the same value of y is given by the two equations

(86 — *3€°) x — (1'12e — 3:09¢") = 0,
and (‘84e+ *69¢) ¢ + (84 — *84e) = 0.
The result of eliminating + from these two equations is ‘
228+ 11'1e — 9T =0,

The positive root of this equation is 75 =¢. To insure
stability of motion y must lie between y, and y,.
Now, if

€, > €2 €, 0> %, > Xo
€,>€> €, %> 0>,
e >e>0, %> %> 03

When ¢,> e> ¢, y is negative ; therefore 3/¢ is negative.
and the rider moves his body in the same direction as he is
falling.

Tl%'e value of y, when e="6, is given by XXXIV.,,

113)" + 5x + 28,
X, =— 046, A¢=28=—"046b¢ sin?.
For the same value of ¢, XXXIII. leads to
8, = —"087, A¢=238=="084b¢ sind.
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Now the displacement of the c.@. of the rider’s body due
to the swaying of the frame is k¢ sinf. Therefore the ratio
of the rider’s movement relative to the wachine to his lateral
movement with the machine is for this velocity (about
16 kilom./hr) between 046 and -084.

When ¢,> e> e, the rider need not move his body, but
a small movement is consistent with stability.

When ¢ > e> 0, the rider must move his body in the
opposite direction to that in which the frame is falling.

Thus, when e=-1, XXXIV. reads
, “46x" — 1'14y — 198 = 0.
The solution of this equation is
X, = 4'46 corresponding to &="86L¢ sind;
XXXIIL leads to '
X, =095 v . 8="09b¢ sin 6.

This indicates that for the velocity given by e="1 [about
86 kilom./hr.] the rider can keep his balance by moving his
C.@. in such a way that its displacement from the vertical plane
through the wheel base is one-~tenth of what it would be if he
were fixed rigidly to the machine.

19. The foregoing investigation has shewn that there are four
critical velocities for a bicycle. For velocities greater than V|
the motion is unstable, but may be rendered stable by a rider
who turns the front wheel towards the side on which he is
falling, or who moves his body away from that side. The
force he has to exert in the former operation is comparatively
great, whereas the distance he has to move his body in the
latter case is small.

For velocities betwen V| and V, the motion is stable, even
when the rider does not move his body and makes no use of

_the handles. For velocities less than V| the motion without

hands is unstable, but between ¥, and V1t is stable for a rider
who moves his body through a very small distance in the same
direction as the fall is carrying him. This distance is about
1/20 of the distance he is moved by the swaying of the machine.
For velocities between ¥, and V, the motion is stable for a rider
who keeps the motion of the handles as small as possible.

For velocities below V, a rider who combines the two
methods, and uses both his weight and bis hands, may be
successful. The balance at such low velocities is not automatic,
but is a feat which requires conscious attention.
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The values of ¥, and ¥, can be found from the linear
equations obtained in §§16, 17. ¥, and V, are found by solv1pg
quadratic equations with very complicated coefficients. For
similar machines the values of these V's vary as the square
root of the dimensions. For the machine discussed, the values
ebtained by taking

g=298lm./sec’, b=11m
are

€, =363, V, =545 m.[sec.=196 km,[hr.=12'2 miles/hr.,
=505, V,=462m [sec.=166 , =104

3%

€,='75, V,=879 m [sec.=136 , = 835 »

€,="997, V,=329 m.[gec.=11"8 ,, = T4 ,,

In practice it is found to be quite easy to ride with hands
off at all velocities above a limit, which is fairly definite for
each machine. The ease of balance does not increase when
the velocity increases beyond that limit.

The rider does not find it necessary to give his body
a continuous lateral movement. He occasionally finds that
the machine, as a whole, is gradually bearing to one side, and
that this motion is independent of the oscillations of the
handles, A small movement of his body is sufficient to restore
the normal position.

Comparison with theory suggests that V, is the one limiting
velocity, of which the existence is indicated by practice. At
velocities less than ¥, the oscillations of the front-frame about
the head tend to increase in amplitude. To overcome this
tendency by a motion of his body, the rider would be com~
pélled to obey the elastic law of §18. In practice this wonld
be very difficult. It appears that V), is the most important of
the limiting velocities. Unfortunately the calculation of 7
for any given machine is by no means easy.

The fact that corners can be turned by a rider who does
mot use his hands shews that the oscillations of the front-frame
about the head are rapidly damped. Whilst the bicycle is
describing the curve the handles are at a considerable distance
from the symmetrical position. When the rider resumes his
erect posture the handle-bar returns to the symmetrical
position and shews no tendency to oscillate violently about
that position. These observations are in accordance with
theory, which shews that when the velocity exceeds ¥V, the
logarithmic decrement for oscillations of this type is large.

B
13
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Spinning Friction.
20. Spinning friction tends to prevent the wheel turning

~about the normal through the point of contact with the ground.

The simplest hypothesis is that the tyre possesses lateral

" rigidity, but that it is so far compressible that a small area 4

is in contact with the ground. The angular velocity of every
element of 4 about 7 is the same. The friction is limiting,
and therefore the couple about the normal at 7' is

U=yvNgw,

where v is the coefficient of friction, Ny is the normal reaction,
o is the mean distance from 77 of the points of 4.

The magnitude of this couple is independent of the velocity
and spin of the wheel, and its sense is always opposed to that
of the spin. When the spin is liable to a change of sign the
motion can not be investigated by the methods of this paper.
The only case of interest of which this is not true is that of
the steady motion. Consider the steady motion with (=0,
8=0. VIL., which is the equation of moments about an axis
in the direction M7, through 7} is

pP. 4+ Ucosf= Wyyg sinf— V (mrsin @+ Wy) .

With the corresp‘onding equation this leads to the modified
form of XVIIL

¥ ,‘- 17 rF s 9 7 '17'2
(g-#—IZ,)cosH-}-(m? sin @ + H'y+m9 sin /+ W ry>_~
oo # P
Wy — uI1 W'e + u'17 ,)
+ g
( PR A

=g sinf

The form of XVII. is unaltered.

M ror e -y VE
[mrsin @+ Wy +m'r sind + Woy'~ 1 cos 6] o

=gsin@[(Wy—pll) ¢+ (W' + pH)¢ .

Solve these equations for ¢ and ¢,

i ’ 2 .
(g+%) 'u—gﬁ— (' + W'y + H'H) Fp—:g sin@ (Wo/+ 4TI ¢,
o o ! . A ,
- (; + ;—:) ﬁgi + (mr 4+ Wy — pI1) ?—=g sin (Wy- pll) ¢,
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and, since ¢ ',¢=W )

m"r' mr )Zﬂ
( Y+l Wy —pull/ gp

T e ——
T pcosB @) gb WA Tl Wy — ull
This equation determines the amount by which the eritical
velocity is reduced by spinning friction.

21. This theory is probably correct wbenrthe spin is com-
parable with the roll @ of the wheel. When the spin is
small, the fact that ‘the lateral rigidity of the tyre is finite is
of importance. This suggests the hypothesis that there is no
slipping, and that the so-called spinning friction is due entirely
to the lateral rigidity of the tyre. ) )

Consider the elements of the tyre, which naturally lies on
a circle S, drawn on the surface at a given distance from the
central line (fig. 4). Denote by 8 the position which one of
these elements would occupy if the tyre were not strained.
Let Bbe the position it actually occupies. Let M be the point
with which B coincides when nearest to T. M is the point of
contact with the ground of the circle S. ]

The tangents at M to the locus of M and to the circle §
coineide. Let B, be the point of the tyre, lying on the circle
S, which has just come into contact with the ground. The
tyre is nmot appreciably strained at B,; therefore B lies on
the tangent at M. The locus of B is determined by the
condition :—The tangent from B'to the locus of M is constant.
If the tyre be perfectly resilient, the elastic force on the
element of the tyre at Bis progortxonai to BS. Wh_en the
curvature of the path of M is uniform, the locus of B is sym-
metrical about the normal at M. In that case the moment
about the vertical through T of the elastiq forces Vamshe.s.
When the curvature of the locus of M varies, the couple is
approximately proportional to the variation of curvature in
the time during which an element of tyre is on the ground.

. T+ ¢cosl
The curvature of the locus of M is JV———, and, on
the hypothesis under consideration, the couple of spinning
. . T+ ¢ cost
friction is small and proportional to -
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The value of this couple is proportional to the fifth power
of the linear dimensions of the area of contact. Assuming
that the coefficient of elasticity is the same, there is much less
8pinning friction in the case of a well-inflated tyre than with
a flat one. When the velocity of the machine is greater
than V,, any force which prevents tke front wheel answering
to the inclination of the back-frame is disadvantageous, It

follows that in practice a well-inflated tyre is conducive to
stability.

Rolling Friction, de.

22. In obtaining the above results, rolling friction and wind
resistance, which are necessarily accompanied by pedalling,
have been neglected. Apart from the lateral motion in
pedalling, which sets up transverse oscillations of the type
hitherto considered, the additional features of the system are

(1) A coupla (— L) applied to the back wheel, and reacting
on the rider and frame.

(2) A couple about an axis through 7'in the direction B..

(8) Additional forces acting in the direction B, on all
parts of the system. The centres of pressure will not in general
coincide with the ¢.¢.’s of the several portions of the system.

The value of (— L)) is easily obtained from the equation of
work. When the motion of translation is steady, the only
effect of the new circumstances on the transverse oscillations
is due to the small alterations in C, and II, and is therefore
almost negligible.

When the rider does not pedal evenly and continuously
(= L,) varies, and therefore ¥ varies. In this case XIV. and
XV. are true, but the assumption ¢ o € is not justifiable. If

V=V,+ Asin (—fIg t) be taken as the approximate valie of v,

the problem resembles that of the oscillations of a string under
variable tension. In that case Melde found that if the tension
vary in & period half one of the natural periods the oscillation
becomes excessive. The bicycle has no pure patural periods,
and therefore the character of the oscillations will not be
much affected.

VOL. XXX, YY
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The motion of a tricycle.

23. The only type of tricycle at present constructed is
known as the cripper. In this machine the back-frame is
supported by two equal wheels symmetrically placed on
" opposite sides of the mean plane. The front-frame and wheel
are of the same pattern as those in the safety bicycle, and
the steering arrangements are also identical. Fig. 3 repre-
sents the tricycle when the signification of the letters 7" and O
is modified. 7' represents the point mid-way between the
points of contact of the back wheels. O is the point in which
the common axle of the two back wheels cuts the mean plane.

The effect of the introduction of the two back wheels is to
keep the mean plane of the back-frame vertical. Therefore

=0.

Let V be the velocity of 70, 2w the width of the tricycle
between the centres of the back wheels. The velocity of the
centre of the right wheel is ¥V — .

Rk x

Therefore the spin about the axle is

a
The force exerted by the ground on this wheel has a
component in the direction B,

1 d V—wr Be .

- - =B —— o T
o dt P a at

Similarly, the force on the other wheel is —B}? 7 in the
opposite direction. @
The moment about the vertical through 7' of the two

forces 1s -
k4
[233“’] .= Ki.
a@

The equation of moments about the vertical through T
differs from the corresponding equations for the bicycle by
the introduction of this term.

This equation is obtained by multiplying VIL by cosé,
VIIIL by sinf, and adding, noticing that

T cos’ @+ T',sin’ — 2T sinf cosf =1,

is the moment of inertia of the back-frame wheels and rider
about the vertical through T.

K740 cos+0,sinf +pcosf P=—J 7 —WxT7r..XXXV.

l
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The equations of motion of the front wheel are unaltered.
Multiply the equations corresponding to VIL and VIIL by
cos 0, sin @ respectively, and add

G cos8+ C,sin b +p cos P, = ¢' W'i'g sin § — S T=-We'Vr
= (T cosb—T",sin6) '~ W' V¢’ cosl..... XXXV
O+ W B/=Wygy'y'sinf ~ T, (§ +# cos6) + I',,7 sin
= V[m'r'rsinf+ W'y (v + ¢ cos§)]...VII.

The following equations also hold :

B =P,=— (P +¢'Tgsinb) ........... XI.
O,+ 0, +¢'C,— gP=0, '

. T T L, XII.
01 + 01 =0,
Cltplcosl=—Wok ..couvern...... IX.

Add XXXV. and XXXV, and reduce by IX.
bB/=(Ji+ K+ J)# + TbVr + (T cosf—T", sin ) ¢/
+ WK V§' cosf — Mg sin f4’... XXX VI.
Eliminate P from VIL' and XXXVI. The result is

given, when the dashes are dropped in front-frame symbols,
and a bar is placed over back-frame symbols, by

= Gi={Tyc0s0~ T, sin0+5 (7, + K+ 7)) +
+{WIT+ Wy +mrsin 6} Ve 4 (T4 £ (T, cos0— T, sin )]

e + .
+ (%1) WV cosb¢p — (uIl + Wy) g sin 0.

XIIL takes the simple form

76 = V cos g + pg.
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therefore

oo

= G- [P”“ % (reos0-T,sin0) 4 (5) O+ T+ Jd]qb
+ [(F, cos§ ~Pl,sin9)+%(.7t+ Tf+Jl)

+ (w1 + Wy + m»rsin@) 2_:, + (%"K%'y) Wi!l Veos@¢

A e
+ [(pH+W~y+mrsin 0) Y zosﬂ_ (w11 4+Wy)g sinﬂ] &,

where the letters without dashes refer to the front wheel.

The only critical velocity for the tricycle is that for which.

the coefficient of ¢ above vanishes.
In that case

mr cos 0

. by '
€ — $712—00t6+m.

For steady motion when V<V, O, is positive,
V> V", G, is negative,

i:e. when ¥'< ¥’ the rider has to apply a couple in the sense
of a rotation decreasing the angle between the planes of the
wheels, when V> V' the couple applied is in the sense of
a rotation increasing that angle.

The effect of o disturbance of the steady motion when the
rider is not using the handles is dissipated when V> V.

N.B.—The velocity V' was obtained in § 11, as that at
which there is a possible steady motion of the corresponding
bicycle with hands off and back-frame vertical. In that case
the motion was unstable. In this case V' is the limiting
velocity of stable steady motion,
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ON THE RESIDUE WITH RESPECT
TO y™ OF A BINOMIAL-THEOREM COEFFICIENT
DIVISIBLE BY " ‘

By J. W, L. GLAISHER.

§1. IN a paper in the present volume of the Quarterly
Journal,¥ it was shown that if

n=kp+ q,
r=gp+3

g and s being less than a prime p, then the binomial-theorem
coefficient (n), t.e. the number of combirations of » things
taken r together, is equal to (k), x a quantity = (g), mod. p,
if s<or =¢. I proceed now to obtain the corresponding
result for the case when s> g¢.

§2. From §§3-5 of the preceding paper (taking case II.

;)If; d§ vﬁvae ;L.aljf) we see that, if s> ¢, then (n), is divisible by p,

k! q!

(ﬂ)rzmp Xa qu&ntit = - 73 m(}d}?.

slptg—s)
Now, if m be any number <p,

L23...(p—1)!
(p—m+1)(p—m+2)..(p=-1)1"

The numerator = ~1, mod. p, and, m being <p, the
denominator

=(-1)""1238...(m~ 1), mod. p.

(="
(m—1)17?

(p—m)l=

“Thus (p-m)l=

mod. p;

and therefore, taking m =5~ 7

4! el —)!
Targo=C U™ mod. p,

* “On the resid inomial i i i
modulus,” pp. 15 Oiilgsf)f & binomial-theorem coefficient with yespect to a prime




384 Dr. Dickson, An Abelian group.

will contain 77 , and therefore 7 , where « is an arbitrary

mark in the GF [2"]. Further, .R1 o, transforms 7, ,into

Rl 201 +a)T1 Hence, if n> 1, so that the GF[2" contams

a mark o neither zero nor unity, the group I contains a
substitution B, 2 M(14q) DOt the identity.. But MM, trans-

forms R into NV, With N, I contains M L

1,2, { 1,21 1,917
(i=1, 2), since it contained their products two at a time.

Tr ansformmg L, and N, by T 1 We obtain L oand N,

£,3;% iy
respectively. Hence 1 contams every L "and N,

iJj, e
Finally I contains
ML ML ML =T .
t a4 a1 G La

The invariant subgroup I therefore coincides with H, which
is thus simple,

‘The simple group I has the order 2*" (2 —1) (2"~ 1),
which for n=2 and 3 is respectively

2°.3%5%17 = 979, 200, 2.3.7°.5.13=1, 173, 836, 560.

ERRATA IN THE PAPER, pp. 1-16.

». 6, L 19, for Q2’ 3, s read Q2’ 3. a5
p. 14, L 1, omit ~1 after ~,".
p. 16, L. 8 of Errata, for ,' read .

University of California,
January 6, 1899.
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